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In Part I, we showed how to construct the solution of the Riemann problem 
for the equations of isentropic flow without assuming that the pressure is 
a convex function of the volume. We were also able to eliminate certain extra- 
neous solutions using a viscosity argument. In this paper we show how to 
proceed when the flow is not isentropic and when there is no restriction on 
the sign of (aap/W)s . 
1. INTRODUCTION 
In [5], we showed how to solve the Riemann problem in the case of isentropic 
flow without any restriction on the sign of p”(v). In that case, it was geomet- 
rically obvious that at a point on the Hugoniot curve at which the shock 
stability inequality failed, one could continue with rarefaction waves. It was 
also obvious that, at a point at which the rarefaction curve failed to be 
continuable, the double-wave construction was possible. 
The major part of this paper is concerned with establishing these continua- 
tion properties in the case that the pressure is no longer just a function of the 
volume. 
In 1942, H. A. Bethe [I] studied the effect of strong shocks on materials 
with arbitrary equations of state. Bethe found that under certain conditions 
shocks compress and increase the entropy of the material through which they 
pass. The conditions are 
(1) 
(2) 
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where r+ is the specific volume of the undisturbed material, v,, is the volume 
after the shock passes, and the derivative is computed for the undisturbed 
material. 
ap, 
i-) av <O* e 
We shall show that the wave curves can be delined without (l), but 
conditions like (2) and (3) are still needed. The key step is a generalization of 
Bethe’s theorem. 
2. BETHE’S THEOREM FOR CONSERVATION LAWS 
In order to analyze the effect of relaxing Condition (1) let us consider a 
general system of conservation laws, 
qt+fz! =Q (4) 
where q is a vector and f is a vector function of q. A weak discontinuous 
solution composed of a left constant state q,, and a right constant state q 
must satisfy the Hugoniot conditions 
44 - Qo) = f Cd - f h), (5) 
where u is the speed of the discontinuity in the x - t plane. We will use ideas 
developed in [3] to study solutions of (5). 
We suppose the system (4) is hyperbolic. This means that the gradient 
matrix f’ = 8fi/aqj has real distinct eigenvalues 
Xl < x2 < ... < A”. (6) 
If f is a smooth function of q then the eigenvectors off’ can be chosen 
smoothly, that is, there are smooth vector functions Ei, G, such that 
&if’ = Xi(i, 
ffri = Airi. 
Let us fix our attention on a single eigenvalue X = hi. Putting h, = h(q,), 
etc., suppose that 
grad h, . r,, # 0. 
It is stated in [3] and shown in [2] that there exist smooth functions q(c), 
O(E), satisfying (5) for E sufficiently small. The curve q = q(r) is called the 
Hugoniot curve. If we normalize the right eigenvector r so that 
grad& * T” = -1, 
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then 
2 q(O) = in = r. , 
A,- -1 
tioh= -4. 
Therefore for E positive and sufficiently small, 
where h = Q(E)), etc. 
A <u <ho, (7) 
Now continue the Hugoniot curve for values of E greater than those for 
which the shock inequality 
X<o<h, (8) 
is guaranteed to hold, if this is possible. Let there be a first point l 1 beyond 
which (8) breaks down. Suppose this is because the left half of the inequality 
fails. Then 
u _ h = (u ,(4’“’ (c - E1)k + O(c - Q)h‘+l, k > 0, 
and 
(u - h)(k) < o 
k! 
at .zi. 
Differentiating (5), we get 
qq - 40) + 04 = f’4. (10) 
Since (5 = X at E~ , multiplying on the left by the left eigenvector P gives 
&! * (q - qo) = 0. 
We now make the basic assumption that 
Therefore, 
f . M’) - 40) # 07 0 < F < El. 
cqcl) = 0, 
and from (IO) 
(11) 
It is easy to see that we can reparametrize the curve so that 01 = 1 without 
disturbing the conditions at E = 0 or the fact that E > 0. So 
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Proceeding inductively, suppose that at Q 
o(j) = 0 
X(j) = 0, 
p = y+l) , 
(12) 
(13) 
(14) 
forj = 1, 2,..., i, with i < k. From 
Xr =f‘r 
we have 
and therefore 
W-9 
Then by differentiating (10) i times and using (12), (14), (1 1), and the above 
we obtain 
g(i+l) = 0. 
It now follows that, if m = i + 1, then 
Aq(m) = f~(m) + gl (J f’Wy(i-i), 
and this combined with (15) gives 
Thus 
X(y(i) - q(m)) = f’(yW - q(W). 
q(m) = y(i) + By. 
Without disturbing (12), (13), (14), or the conditions at E = 0 we can 
reparametrize so that /3 = 0, or 
$i+l’ = r(i) 
Now if i + 1 < k, then from the assumption about the order of the zero 
of a - X we have 
~‘“fl’ = 0. 
If i + 1 = k, then from (9) we have 
X’k’ > 0. 
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TVe are now in a position to compute grad ,\ . r at E -p= +. Since 
(grad h . F)(J) = $, ii, (grad X)‘J~~’ rti) 
L-0 
= 1 (j) (grad A)“-iJ q(i~lJ 
= (grad h * p)(j) 
L X(&l) 
for j < k, we have 
(grad h * Y)(C) = h(/“(c,) (;F$r’ + O(E - Q)” 
>o 
for E > <I , / E - <I 1 small. 
Thus, if the shock inequality breaks down in the manner assumed then the 
sign of grad h . r at cl+ is opposite to its sign at E = 0. 
We must now consider the possibility that the right half of the shock 
inequality is violated. Since b(O) < 0 there can be a point at which u = X(O) 
only if there is an earlier first point of increase of u. At this point, we have 
#' = . . . = &-1' _ () 
, 
u'k' > 0, k 3 2. 
We will now show that 0 - A changes sign at this point. 
Since 6 = 0, it follows from (10) and reparametrization that * 
u = A, 
4 = r. 
Proceeding by induction again, suppose 
h'l' = . . . = A'i-1' = 0, 
$j+l' = r(i' , j = 0, l,.,., i - 1, 
for i < k. Differentiating (lo), we get 
&+l'(* _ qo) + #yi+l' =f'qci+l) 
Ifi+ 1 < lz, then 
* M’e must hypothesize that X = A’ for general conservation laws, but for the 
specific case of compressible flow no additional hypothesis is necessary since 
A1 < 0 < AS. 
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Differentiating the equation XY = f ‘Y i times and using the above we see that 
or 
and as before this means that 
4 (i+l) = yw 
If i + I = K, then 
But in a neighborhood of E = 0, 
so 
q - q0 = YE + O(G); 
8. (q - qJ = d . YE + O(2). 
We may assume that / . Y = 1; so L . (q - qO) > 0 by (1 l), and therefore 
Au+l) > 0. Expanding about the point of increase or we have 
to for E > El, 
and we are in precisely the same situation as before. 
We have now proved the following generalization of Bethe’s theorem. 
THEOREM 1. Suppose 8 . (q - qO) # 0 on the Hugoniot curve. Suppose 
grad A, . Y, < 0. Then for su@iently small positive E, 6 < 0 and h < 0 < A, . 
There is a jifirst point <I at which ~7 increases if and only if U(Q +) < X(Q +). 
If there is such a point then grad X * Y > 0 at <I + . 
The assumption that grad A0 * Y,, # 0 is not essential. If grad A, . Y,, = 0, 
then h = u = A,, until an E is reached at which grad h . Y f 0, and then 
everything goes as before. 
COROLLARY. If grad h * Y < 0 everywhere, then for E -> 0, 
x < u .< A, , 
6 < 0. 
If also grad A0 * r0 < 0, then X < (T < A0 . 
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It should be emphasized that the above theorem is a qualitative property 
of the Hugoniot curve. It assumes that the curve is regular, at least up to or . 
3. COMPRESSIBLE FLOW 
In Lagrangian coordinates the compressible flow equations are 
4 + P.c = 0, 
vt - 24, = 0, 
Et + (~4, = 0, 
where u is velocity, w is specific volume, E = e + $2, e is the specific internal 
energy, p is the pressure. We can introduce the entropy S and note that p can 
be written as a function of v and e, or as a function of v and S. We put 
P, = &P(% S), 
P, = &I+, 4, 
P, = $P(V, S), 
P, = $(v, 4. 
We also have that e = e(zr, S), and 
p = - g e(v, S), 
T = & e(v, S), 
so that 
TdS = de fpdv. 
Thermodynamics requires that 
P > 0, 
T > 0, 
P, < 0. 
The regularity requirements of Theorem 1 force us to assume that 
p,, < 0. 
(17) 
(18) 
(19) 
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The Hugoniot conditions are 
u(u - 4)) = p - p, , 
u(v - wo) = -(u - uo), 
a(E - Eo) = pu - pouo . 
These imply that 
e - e. + HP + po>(~ - uo) = 0. 
Since e = E - &?, we have 
f’= t::ie Tjn 5). 
Noting that 
P.” = Al - PP, 9 
it is easy to see that 
A1 = -vm, x2 = 0, A3 = 
Furthermore, for any eigenvalue h we may take 
f = (A - UP, 9 izJ Y Pe) 
and 
Y = -(A, -1,p + AU)=. 
A straightforward calculation shows that 
2h grad h . r = -pJw, S), 
for 
h = A, or h = A3. 
(20) 
(21) 
(22) 
(23) 
diZ 
(24) 
After some simple manipulations with the Hugoniot conditions and using 
p, = jYV - pp, , we obtain 
and 
1. (Q - 40) = p-‘(% - v)[u2mJ - VII) + h”po + u&q, (25) 
8 . (4 - PO) = (‘uo - V>b2P,(V - vo> + A2 + 4. (26) 
From these we deduce four sufficient conditions for (11) to hold. Equation (26) 
implies 
Condition A: v > v. , Pe > 0. 
Equation (25) implies 
Condition B: v < v,, , p; < 0. 
409/38/3-8 
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In the proof of Theorem I we needed (11) only up to the first point at which 
0 - X changed sign. Therefore, we also have 
Condition C: 2’ f rO , ,\ = P, &(a -- @o) > -(P +pcJ. 
This follows from 0 < X < 0, for then 
a2&,(e - To) > -h2( p -t p,) 
> - A’po - uhp. 
From (26) we obtain 
Condition D : Z’ ; z. , A = A’, p,(v - Z’J > -2. 
This follows from A < u < 0, for then 
ah + h” > 20”. 
Conditions C and D will not be used in this paper. 
4. THE COMPRESSION WAVE CURERS 
Recall that a generalized wave curve corresponding to a given characteristic 
family consists of all right states Q which connect to the left state Q,, by a 
sequence of centered waves of the given family. 
Suppose that pe,,(vo , S,) > 0. We will define the 3-compression curve 
for the state (u,, , z’,, , S,). Thus, we put h = til p, 1. From the important 
relation 
TS = (21 - zQ2ar?, (27) 
we have 
s, := 0. 
Therefore, at (v,, , S,), 
-2AX = pu = p,,ti. 
For the Hugoniot curve parametrized as in Section 1, &, < 0, so 
ti, > 0 
and, therefore, the Hugoniot curve starts out as the compression curve. 
Suppose there were a first point at which ei = 0. At that point TL!? = 6; so, 
from (23), S(T + +ps(v - vJ) = 0. We now assume that 
Since p, = Tpe , we have 
Pa > 0. (28) 
Ps > 0. (29) 
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Then s = 0, which implies t = 6 = li = l? = 0. Assuming that the 
Hugoniot curve is regular, we cannot have such a singular point. Therefore, 
and from (20) (21), and u > 0, we have u < ua , p < p, . Condition A is 
satisfied. 
Now, continue the Hugoniot curve until a point er is reached at which 
D - h changes sign. By Theorem 1 and (24), peo(~i +) < 0. Since, by 
Theorem 1, &(Q) = 0, it follows from (27) that S(Q) = 0; so pU,,(a, S,) < 0 
for v > or , 1 z, - ZJ~ 1 small. This means that the compression curve can be 
continued past pi = (z+ , o1 , S,) as the rarefaction curve. According to [3] 
the equation of this curve is 
Q=r 
or 
ti = -A = +‘t/lp*, 1, 
d = 1, 
and, as is well-known, 
s = 0; 
so 
.” 
u=ll- 
1 4 P,(V’, &)I dv’- 01 
Also, as long as p,,, < 0, for z’i < v < v’, we have 
A(4 -=c W), (30) 
which is necessary for the wave to exist. 
On the Hugoniot curve, a(~) = M(Q) since 15 = 0. We may without loss 
of generality take cy = 1; so 4 and q are continuous at pi . 
The rarefaction wave portion of the 3-compression curve is continued until 
a point v2 is reached at which p,, becomes positive. Beyond this point, (30) 
will be violated. We will now show that Theorem 1 enables us to construct 
the double waves introduced in Part I. 
Suppose that 
PD”(% 9 S,) = 0 
and, for simplicity, that 
Puc& 9 S,) > 0. 
Choose y < v2 and construct the Hugoniot curve parametrized so that d = 1, 
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starting from the point (u(y), y, S,) on the rarefaction curve. On the Hugoniot 
curve, Taylor’s theorem gives us 
p(v, S) = p(y, S,) + P(Y, s&-J - Y) + P 
(v zy)” 
+ 9 (v -Y)” + qv -y)“. 
6 
But at v = y, s = s = 0; so 
and 
9 = PdY> Slh 
P = P*,(Y, Sl) = PtJv&2 9 Sl)(Y - v2) + WY - v2J2, 
. . . 
From (27) and the definition of u2, 
. . . 
Let 
TY) = -h,(Y, Sl) > 0. 
and let 
cl=v,-y>o, 
p=v-y>o, 
Q = I’@, S) - P(Y> S,) - P,(Y, Uv - Y>. 
Then 
where 
Q = p” g a - i “) + terms of higher order, 
. . . 
and 
a = Pv,, + S(Y) > 0 
b = P,,, > 0, 
all functions being evaluated at (vs , S,). Clearly, for 01 sufficiently small, 
Q changes sign as /3 increases from 0. Therefore, at the first point er at which Q 
vanishes, we have 
-$ = ph S) -lo, a = p 
V-Y 
(y s ) 
21 3 1 
= -xyy) 
Since pV,(y, A’,) < 0, the compression Hugoniot curve must start out with 
X(y) < u < A. It follows from Theorem 1 that the situation must be as 
indicated in Fig. 1. 
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h(y) < u < h h(y) <A < u x <h(y) < u 
h(Y) = fl fJ=X h = A(Y) h(Y) = a 
-I I I I- 
Y Z’ 
FIGURE 1 
Thus, we have demonstrated the existence of (v, S) such that 
GJ, S) -=I 4% S) = A(y, S,). (31) 
The equation Q = 0 defines v as a function of y. Putting 
d ‘I-- 
4 
and computing dQ/dy = 0 we get 
[Pv - P,(Y)P’ + PSS’ = (u - Y)PmJ(Y) < 0. (32) 
From (23), 
e’ - e’(r) + HP + P(rW - 1) + HP,’ + Pss’ + Pv(Y>)h -Y) = 0. 
Now, using e’(y) = e,(y) = -p(y), and Q = 0, we obtain 
e’ + HP + P(yN(~ - Y) + *(PP + P.4’)(~ - 39 = 0. 
Substituting 
we have 
e’ = TS’ - pa’, 
2 TS’ + (~3 + u’>( ~1, - ~v(r))(v - Y) = 0. 
Therefore, from (32), 
s’ > 0. 
Since, from (31), 
P, - Pu(Y> > 0, 
(33) 
(34) 
we get directly from (32) that 
ZJ’ < 0. (35) 
It follows from (34) and (35) that z, > oa and S < S, . Since er is a monotone 
function of y, the inverse function y(a) is well-defined and monotone for 
v > vu2 and v - vs sufficiently small. Thus, we have shown that the double- 
wave construction extends the compression-wave curve to values of v greater 
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than z+ and to values of S less than S’, . Furthermore, the entropy is a 
decreasing function of V, and the shock stability inequality is satisfied. 
To show that the compression wave curve is continuously differentiable 
at z’a we note first that 4(s-) = r(~,-). On the Hugoniot curve from 
(y, S,) we have 4(v) - 4(y) = y(y) as z, --t y. Now we need only note that 
y ----f v2 as v ---f va . 
The double-wave portion of the compression-wave curve is continued 
until the construction breaks down. Assuming that no singularities arise, the 
continuation ceases to be possible at a point vs under the following circum- 
stances. 
(4 vl < ~(4 but u - h changes sign at ~1s. In this case further 
continuation by rarefaction waves is possible since p,, must have changed 
sign again. 
(b) vi = y(va). From the definition of v1 and vs we have 
473 - 41) = fM - fkzl), 
441 - 40) = f(41) - f(40h 
and 
Then, 
A, > u = A@,) > A(z.g. 
4Qs - 40) = f(43) - fbh); 
so we have rejoined the Hugoniot curve initiating at us at a point at which the 
shock stability inequality is satisfied. Continue along the Hugoniot curve 
until a point (possibly z’s itself) is reached at which u - h changes sign and 
then start with rarefaction waves again. 
(c) y(vs +) is not defined. This can only happen if, for y fixed equal to 
Y(Q), cr - X(y) is stationary at z’a . But then (T is stationary; so by Theorem 1, 
u - h changes sign at va , which is the same as case (a). 
We have defined the 3-compression wave curve in the case p,Jr+, , S,) > 0. 
If P*&Jll 9 S,,) < 0, we start with the rarefaction curve, switch to double 
waves if p,, changes sign, and so on. 
The definition of the l-compression wave curve (h = Xl) offers no 
difficulties. The sign in (32) will be reversed, giving s’ < 0. Since now 
p, - p&y) < 0, we still have v’ < 0. 
Finally, we note and leave to the reader to verify (use (23)) that dS/dv 
is not continuous at va in case (b). 
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5. THE EXPANSION WAVE CURVES 
We were able to define the compression curves assuming only that p, > 0. 
This is not sufficient for the expansion curves. Consider first the 3-expansion 
curve initiating at (q, , S,) with pVV(q,  S,) < 0. Proceeding as at the 
beginning of Section 4 we find that il, < 0 on the Hugoniot curve which 
therefore starts out as the expansion curve. We assume that 
Even with this assumption, it is not necessarily true that v is monotone. It is 
true that v # v0 , for it follows from the Hugoniot conditions that, if w = z+, 
then q = q,, . Then there must be a first point at which d = 0. Then from (23), 
[P + PO + &iv - VOP = 0; 
so ei = 0 and we are at a singular point. 
With assumption (36) condition B is satisfied; so, if there is a point at which 
0 - h changes sign, we can switch to rarefaction waves as in the compression 
case. 
In the compression double wave construction, we used the monotonicity 
of z’, which we no longer have. However, since 2 + p,(v - y) > 0 for 
v - y small, v will be monotone as long as OL and /3 are small enough. There- 
fore, the proof of the existence of v such that u(v) = A(y) is still valid for y 
close to va . If we assume (29), then the monotonicity of v(y) and S(y) still 
holds, as do the statements of the conditions under which the double wave 
construction breaks down. 
6. THE WAVE CURVE CONTINUATION PROGRAM 
We have established 
THEOREM 2. If p,, < 0 and p, > 0, then the following program is well- 
defined. 
Start. 
n = 0. 
z. = v. . 
If dv > 0 and p,,(vo + dv, So) > 0, go to A for i = 3, 
toBfori= 1. 
If dv > 0 and pV,,(vo + dv, So) < 0, go to B for 
i = 3,toAfori = 1. 
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A. 
B. 
C. 
If dv < 0 and poV(z)a + dv, S,) < 0, go to A for 
i=3,toBfori=l. 
If dv < 0 and p,,(va + dv, S,) > 0, go to B for 
i=3,toAfori=l. 
Continue with the shock curve from (v,, , S,,) until a point (v, S) is 
reached at which (J = h and u - h decreases. 
an = v, s, = s. 
n=n+1. 
Continue with the rarefaction curve until a v is reached at which p,, 
changes sign. Let a,, = v. 
Continue with double waves from (z,-i , Snml), that is a rarefaction 
from (z,+~, S,-,) to (y, S,-,) and a shock from (y, S,+,) to (v, S) where 
P(Y, sn-1) -PC% s> = (Y - v)P”(y, J%-1) 
and y lies between an-i and a,-, . 
When the double wave construction breaks down check first to see if the 
next y is still strictly between .z+i and a,-, , but a < h. 
If so, put a, = v and go to B. 
Ifnot,n=n-1. 
Ifn>OgotoC. 
Otherwise go to A. 
End. 
7. THE RIEMANN PROBLEM 
Let us first note that the following is proved precisely as in Part I. 
THEOREM 3. Distinct waves of the same characteristic family always 
intersect. 
This means, of course, that the Riemann problem can never resolve into 
distinct waves of the same family. To resolve the Riemann problem into a 
l-wave, 2-wave, 3-wave sequence we proceed as in the classical case but 
substituting the generalized wave curves for the shock and rarefaction curves. 
Let us first recall that the 2-wave curve is the classical set of contact 
discontinuities. That is, if (ii; S, s) is the left state, then 
11 = ii, 
I-@, 9 = P(+J, 8 
defines the 2-wave curve. 
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Now, given a left state CJ~, construct the l-wave curve initiating at qL . 
Identify this curve by q = R (q i L , ei). At each point on that curve construct 
the 2-wave curve R,(R (q r L, EJ, ~a). At each point on the surface so defined, 
construct the 3-wave curve R,[R,(R,(qL , EJ, ~a), ~a] = Q(C). Then the 
Riemann problem is solved if the left state is qL and the right state is Q(e) 
for some E. 
One would like to have a detailed description of the region (JsQ(c). As 
far as we know this is not available for arbitrary equations of state even if 
p,, > 0. What is needed is a generalization of the inclusion theorem given in 
Part I. 
8. NONUNIQUENESS AND VISCOSITY 
Let ~Jv,, , S,,) > 0, and consider the 3-compression curve with initial 
point (u,, , no , S,). If p,, changes sign twice at appropriate places, the entropy 
on the compression curve and on the Hugoniot curve will be as in Fig. 2. 
v 3 
H = Hugoniot Curve 
C = Compression Curve 
FIGURE 2 
Now, 
Then there are points (e, S) on H close to (us, S’s) such that 
and 
so > s > s, 
X(6) < a(B) < h(o,). 
If u is u at (0, S) on H, then the Riemann problem with 
QL = (uo 9 wo 9 so>, 
qR = (ii, v, S) 
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has two solutions. One is a pure shock satisfying the shock inequality. The 
other solution is obtained from the wave curves as in the preceding section. 
Its discontinuities satisfy the shock inequality. Both solutions satisfy the 
thermodynamic law of increase of entropy. We shall eliminate the pure shock 
solution by a viscosity argument. The compressible flow equations with 
viscosity have the form 
*t + (P + qb = 0, 
wt - u, = 0, 
ef + (P + qh = 0, 
q = -cm, ) 
01 = a(w, S) > 0. 
We look for a solution depending on the parameter 
w = N - qt. 
The equations become 
-7pi+p+fj=o, 
-7$ - d = 0, 
e’ +- (p + qp = 0, 
(37) 
q = -ali. 
To connect the left and right sides of the shock by a solution of (37) we require 
and 
u(-co) = ug, w(--co) = W”, S(-all) = so, 
u(+co) = u, w(+co) = 8, s(+co) = s, 
q(-co) = q(+co) = 0. 
Eliminating u, we get 
and, therefore, 
7fyfT - WJ + p(q S) - p, = 0. (39) 
It is shown in [4] that the Hugoniot conditions are also necessary. 
Using (19), we get 
Tf? = -(rla)-1q2, 
ti = (?+q, 
(9 
(41) 
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and, from (38), 
Q = -W(” - 4 + Pb s> - Pal- (42) 
Let U(V) be the shock speed at the point (zq, S) on H. By the definition of w, 
and vs, 
u2(wJ = a2(?JJ. 
By Theorem 1, 
On the other hand, since 77 satisfies the shock inequality, 
uyqJ = h2(o,) > 72. 
Thus, 7j2 - u2 changes sign on H between v,, and vr . 
From the above we see that there exists a point (v~ , S,) on H, with 
n,, < vq < or , such that 
U(Q) = u(v) = 7j. 
This means that 4 in (42) and therefore equations (40) and (41) are unchanged 
if we replace (a, @, S) by (u, , vp , S,) in the boundary conditions. 
We now make a 
Conjecture. With the hypotheses of Theorem 2, Eqs. (40), (41), (42) with 
boundary conditions 
zJ(-co) = zl,, S(--co) = As,, 
u(+oo) = v, s(+a) = s, 
have a unique smooth solution for every (v, S) on the Hugoniot curve 
initiating at (wO, S,) if V0 < z1 < VI . 
Suppose this were true. Let D = (V(W), S(w)) be the solution curve for 
right-hand boundary values (v, , S,). Consider the initial value problem 
T$ = -q, 
S(qJ = so . 
(43) 
This initial value problem defines a curve S = g(w), v > v,, , which coincides 
with D. To see this, first note that q cannot vanish on D at a finite w, for this 
would be a singular point. Now consider Eq. (43) with initial condition 
SW%>> = ShJ, w,>--co. 
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The solution of this problem certainlr coincides with D for m > w,, . 
Since this solution depends continuously on ~(w,,) and S(w,), it must coincide 
with D for zcO = -CC. By the conjecture, D reaches the point (v, , S,). 
Since the solution of the boundary-value problem with right-hand conditions 
(6, s) satisfies the same equations it must also coincide with D, and therefore 
it passes through (z’~, S,). But this is impossible, since q = 0 at (zlq , S,) 
and, therefore, both d and 9 would vanish at a finite value of ZO. Thus, the 
pure shock cannot be obtained as a limit of viscous flows. 
In later installments of this saga, we hope to establish the conjecture and 
deal with other questions raised in this paper. 
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